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1. Introduction
The aim of this paper is to investigate groups all of whose elements are of finite length
(FL-groups) and groups all of whose elements are of boundedly finite length (BFL-groups).
These notions will be defined below. We shall prove that under “normal conditions” the
classes FL and FC are identical (the class FC denoting groups with finite conjugacy
classes) and so are the classes BFL and BFC (BFC denoting groups with boundedly finite
conjugacy classes). The “normal conditions”, which will consist of the assumption that the
groups are locally graded, are necessary in order to eliminate groups of Tarski-Monster
type, which may belong to BFL, without belonging even to FC. The above mentioned
equivalences are of interest, as they express connections between groups satisfying certain
length-of-classes type conditions and those satisfying certain number-of-generators type
conditions.
We start with notation, which will lead us to the definition of FL and BFL groups. In
this paper G denotes a group, N denotes the set of positive integers and P denotes the set
of primes. Let n ∈ N and let x,g1, g2, . . . , gn ∈G. The sequence (xg1, xg2, . . . , xgn) will
be called an independent sequence for x of length n (in G) if the following conditions are
satisfied:
xgi /∈ 〈xg1, . . . , xgi−1 〉 for i = 2, . . . , n.
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〈
xg1, . . . , xgn
〉= 〈x〉G,
where 〈x〉G denotes the normal closure of 〈x〉 in G, then (xg1, . . . , xgn) is called an x-basis
for 〈x〉G of length n. We wish to emphasize, that x-bases for 〈x〉G need not exist, and if
they do exist, they may be of different lengths. For example, if G is the dihedral group
of order 16, then G = 〈x, y | x8 = y2 = 1, xy = x−1〉 and 〈y〉G = 〈y, yx2, yx4, yx6〉 =
〈y, x2〉, a dihedral group of order 8. It is easy to see that each of the sequences (y, yx =
yx2) and (y, yx2 = yx4, yx) is a y-basis for 〈y〉G.
We are ready now to define the basic notion of this paper, namely the length of x ∈G,
denoted by lG(x). If x ∈ G, lG(x) denotes the maximal length of an x-basis for 〈x〉G, if
such a maximum exists. Thus if d ∈ N, then lG(x) = d means that an x-basis for 〈x〉G
of length d exists and all x-bases for 〈x〉G are of length m  d . This implies, that any
independent sequence for x is of length m  d , and if m = d , then the sequence is an
x-basis for 〈x〉G. This remark will be used freely in our proofs.
If x ∈ G and d ∈ N, then lG(x)  d means that lG(x) = k for some 1  k  d . We
define l(G) d to mean that lG(x) d for all x ∈G. For each n ∈N we define
Jn =
{
G | l(G) n}
and
J =
⋃
n∈N
Jn.
Groups belonging to J are called groups all of whose elements are of boundedly finite
length or BFL-groups. Thus, if G is a BFL-group, then G ∈ Jn for some n ∈ N and
l(G) n.
Clearly
J1 ⊆ J2 ⊆ J3 ⊆ · · · ⊆ Jn ⊆ · · · .
If G ∈ J1, then 〈x〉G = 〈x〉 for all x ∈ G, whence 〈x〉  G for all x ∈ G and G is a
Dedekind group. These groups have been completely classified. If G ∈J2, then each x ∈G
satisfies either 〈x〉G or
〈x〉G, but 〈x, xg〉G for all g ∈G such that xg /∈ 〈x〉.
Such groups were investigated in [1], yielding, among others, the following result:
Theorem A [1, Corollary 2.7]. If G ∈ J2 is locally graded, then G is solvable with
dl(G) 3. In particular, all finite groups in J2 are solvable with dl(G) 3.
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simple group A5, which belongs to J3. However, if we assume that G is locally solvable,
we can prove the following generalization of Theorem A:
Corollary 12. If G ∈ Jn is locally solvable, then G is solvable and
dl(G) f (n),
where f (n) is a function depending only on n.
The proof of this result relies heavily upon the coincidence of the BFL and the BFC
locally graded groups, which is one of the major results of this paper:
Theorem 9. Let G be a locally graded group. Then G is a BFL-group if and only if G is a
BFC-group.
Since, by the well known result of B.H. Neumann [3], BFC-groups have finite
commutator subgroups, Corollary 12 follows from Theorem 9 and the following result
about finite solvable groups in Jn:
Corollary 4. Let G ∈ Jn be a finite solvable group. Then the derived length of G is
bounded by a function depending only on n.
The proof of Corollary 4 is based upon a theorem which was proved in [2]:
Theorem B [2, Theorem 9]. Let G ∈ Jn be a finite solvable group. Then the nilpotent
length of G is bounded by a function depending only on n.
Finally, we turn to the second main result of this paper. A group G is called a group
with all elements of finite length or an FL-group if for all x ∈G, lG(x) is finite, but not
necessarily bounded. We prove:
Theorem 6. Let G be a locally graded group. Then G is an FL-group if and only if G is
an FC-group.
It is easy to see that the FL-property is inherited by subgroups and quotient groups of
FL-groups, and the same holds with respect to the Jn-property. These remarks will be used
freely in this paper.
This paper is organized as follows. Section 2 deals with finite Jn-groups. In Section 3
we prove Theorem 6, and in Section 4 Theorem 9 is proved. Additional notation will be
introduced when needed.
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In this section we explore finite p-groups and finite solvable groups, which belong
to Jn.
We need some special notation and definitions. The norm ofG is defined by Norm(G)=⋂{NG(〈g〉) | g ∈ G}. It is a Dedekind group and by a theorem of Schenkman [6]
Norm(G)  ζ2(G), with ζn(G) denoting the nth center of G. The center of G will be
denoted by Z(G). If G is a finite nilpotent group, then its class will be denoted by cl(G).
The exponent of a finite group G will be denoted by exp(G). For x ∈G, [x]G will denote
the conjugacy class of x in G, whose size will be denoted by clG(x). Let a ∈G, lG(a)= n,
H G and suppose that H ∩ [a]G = ∅. We shall say that lH,G(a)= d if d is the maximal
cardinality of an independent sequence for a in G, which is a subset of H ∩ [a]G. Any
such subset {ag1, . . . , agd } of H ∩ [a]G satisfies 〈ag1, . . . , agd 〉 = 〈H ∩ [a]G〉. Moreover,
d  n and lG,G(a)= lG(a)= n.
Lemma 1. Let G be a finite p-group, a ∈G and lG(a)= n. Suppose that H G satisfies
H ∩ [a]G = ∅ and lH,G(a)= d . Let ν(H) denote the number of G-conjugates of 〈a〉 in H .
Then
ν(H) (p
d − 1)(pd−1 − 1) · · · (p2 − 1)(p− 1)
(p− 1)d .
In particular
ν(G) (p
n − 1)(pn−1 − 1) · · · (p2 − 1)(p− 1)
(p− 1)n .
Proof. Clearly 1  d  n. The symbols g,g1, g2, etc. will denote elements of G. If
d = 1, then ag1, ag2 ∈H implies that 〈ag1〉 = 〈ag2〉, whence ν(H)= 1 = (p− 1)/(p− 1),
as claimed. If n = 1, then we are done. So suppose that n  2 and we shall argue by
induction on d . Suppose that n  d = s > 1 and the theorem holds for all d’s satisfying
1  d < s. Since s  2, each ag ∈ H satisfies 〈ag〉  〈H ∩ [a]G〉. Thus every conjugate
of 〈a〉 in G belonging to H is contained in a maximal subgroup M of 〈H ∩ [a]G〉,
satisfying M∩[a]G = ∅. If t denotes the number of such maximal subgroups and u denotes
the maximal number of G-conjugates of 〈a〉 contained in such a maximal subgroup,
then clearly ν(H)  tu. Since lH,G(a)= s, 〈H ∩ [a]G〉 is s-generated and consequently
t  p
s−1
p−1 . Thus ν(H)
ps−1
p−1 u. We look now for an upper bound for u. LetM be a maximal
subgroup of 〈H ∩ [a]G〉 satisfying M ∩ [a]G = ∅. As M < 〈H ∩ [a]G〉 and lH,G(a)= s, it
follows that lM,G(a)= v < s. Thus, by the inductive assumption,
ν(M) (p
s−1 − 1)(ps−2 − 1) · · ·(p2 − 1)(p− 1)
(p− 1)s−1 .
Since M was an arbitrary maximal subgroup of 〈H ∩ [a]G〉 with M ∩ [a]G = ∅, we may
conclude that
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s − 1
p− 1 u
ps − 1
p− 1 ·
(ps−1 − 1)(ps−2 − 1) · · ·(p2 − 1)(p− 1)
(p− 1)s−1
 (p
s − 1)(ps−1 − 1) · · · (p2 − 1)(p− 1)
(p− 1)s
as claimed. The proof of the lemma is complete. ✷
Proposition 2. Let G ∈Jn be a finite p-group and let m= n(n+1)2 − 1. Then
(1) |G :NG(〈a〉)| pm for each a ∈G.
(2) Gpm Norm(G).
(3) Every element of G of order pi is contained in ζni(G).
(4) If exp(G)= pe , then cl(G) ne.
Proof. (1), (2) It suffices to show that for any a ∈ G, |G :NG(〈a〉)| divides pm, where
m= (n2 + n− 2)/2. If n = 1, then |G :NG(〈a〉)| = 1 = pm, as claimed. So suppose that
n > 1. Since G ∈Jn, lG(a) n and it follows by Lemma 1, using its notation, that
∣∣G :NG(〈a〉)∣∣= ν(G)  (p
n − 1)(pn−1 − 1) · · · (p2 − 1)(p− 1)
(p− 1)n
 pn · pn−1 · · ·p2 = p(n+2)(n−1)/2 = p(n2+n−2)/2
and our claim follows.
(3) Let a ∈G be of order pi . If H0 = 〈a〉 = 〈a〉G then, since G is a p-group, there exists
x1 ∈NG(NG(H0))−NG(H0) and ax1 ∈NG(H0)−H0. Consequently,H0 H1 = 〈a, ax1〉
and H0  H1. If H1 = 〈a〉G, then there exists x2 ∈ NG(NG(H1)) − NG(H1) and either
ax2 ∈NG(H1)−H1 or ax1x2 ∈NG(H1)−H1. So we may assume that ax2 ∈NG(H1)−H1,
and consequently, H1 H2 = 〈a, ax1, ax2〉 and H1 H2. Since G ∈Jn, by continuing this
process we may choose x1, x2, . . . , xn−2 ∈G such that
H0 = 〈a〉H1 =
〈
a, ax1
〉
H2 =
〈
a, ax1, ax2
〉
 · · ·Hn−2
= 〈a, ax1, . . . , axn−2 〉Hn−1 = 〈a〉G.
Then Hj = 〈a〉〈ax1〉 . . . 〈axj 〉 has order dividing p(j+1)i and consequently 〈a〉G has order
dividing pni . Hence 〈a〉G  ζni(G), as claimed.
(4) By (3) G ζne(G) and (4) follows. ✷
Theorem 3. Let G ∈Jn be a finite p-group. Then
cl(G) n
2(n+ 1)
2
+ 1.
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exp(G/ζ2(G)) divides pm and by Proposition 2(4) cl(G/ζ2(G))  mn = n2(n + 1)/2 −
n n2(n+ 1)/2− 1. Thus cl(G) n2(n+ 1)/2+ 1, as claimed. ✷
In view of Theorem B, Theorem 3 immediately implies
Corollary 4. Let G ∈ Jn be a finite solvable group. Then the derived length of G is
bounded by a function depending only on n.
Furthermore, we have
Theorem 5. Let G ∈ Jn be a finite p-group. Then |G′| is bounded by a function depending
only on p and n.
Proof. By a theorem of Vaughan-Lee [8] |G′| p b(b+1)2 , where pb is the maximal size of
a conjugacy class in G. So it suffices to show that if a ∈G, then |G :CG(a)| is bounded by
a function depending only on p and n. Clearly
∣∣G :CG(a)∣∣= ∣∣G :NG(〈a〉)∣∣∣∣NG(〈a〉) :CG(a)∣∣.
By Proposition 2(1), |G :NG(〈a〉)|  pm, where m is a function of n. We conclude
our proof by showing that NG(〈a〉)/CG(〈a〉) is of order dividing p2m+2. If x is any
element of G, then by Proposition 2(2) xpm ∈ Norm(G). Since Norm(G) is either abelian
or Hamiltonian, we have [xpm, apm]p = 1. Moreover, xpm ∈ ζ2(G), so we get 1 =
[xpmpmp, a] and hence xp2m+1 ∈ CG(a). Thus exp(NG(〈a〉)/CG(〈a〉)) p2m+1. However,
NG(〈a〉)/CG(〈a〉)Aut(〈a〉), which is either cyclic or a 2-generators abelian group, with
a generator of order p, so it follows that NG(〈a〉)/CG(〈a〉) is of order dividing p2m+2, as
claimed. ✷
3. Groups with all elements of finite length
The aim of this section is to prove
Theorem 6. Let G be a locally graded group. Then G is an FL-group if and only if G is
an FC-group.
Proof. For the proof of Theorem 6 we need the following lemmas.
Lemma 7. Let G be an FL-group and let A be a finitely generated abelian torsion-free
normal subgroup of G. Then A Z(G).
Proof. Let x ∈ G and suppose that lG(x) = n. It suffices to show that x ∈ CG(A), or
equivalently, that [a, x] = 1 for all a ∈A.
Case I: A∩ 〈x〉 = {1}.
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⋂
p∈P
Ap = 1
and hence it suffices to show that [a, x] ∈ Ap for each a ∈ A and each p ∈ P .
Arguing by contradiction, suppose that b ∈ A, p ∈ P and [b, x] /∈ Ap. As A  G,
if xbp
n ∈ 〈x〉, then [bpn, x] = [b, x]pn ∈ 〈x〉 ∩ A = 1 and since A is torsion-free, it
follows that [b, x] = 1, a contradiction. Hence 〈x〉  〈x, xbpn 〉. Furthermore, if xbpn−i ∈
〈x, xbpn , xbpn−1 , . . . , xbpn−i+1 〉 for 1 i  n, then xbpn−i ∈ 〈x〉Apn−i+1 and hence
[
bp
n−i
, x
]= [b, x]pn−i ∈ 〈x〉Apn−i+1 ∩A=Apn−i+1 .
Thus there exists c ∈A such that [b, x]pn−i = cpn−i+1 or ([x, b]cp)pn−i = 1. Again A being
torsion-free implies that [x, b]cp = 1 or [b, x] = cp ∈Ap , a contradiction.
We may conclude, therefore, that
〈x〉 〈x, xbpn 〉 〈x, xbpn , xbpn−1 〉 · · · 〈x, xbpn , xbpn−1 , . . . , xb〉
in contradiction to lG(x)= n. So x ∈CG(A) in Case I.
Case II: A∩ 〈x〉 = 〈xd 〉, d > 0.
Since A is a finitely generated abelian torsion-free subgroup of G, we have
⋂
p∈P−D
Ap = 1,
where D = {p ∈ P | p | d}. Thus it suffices to show that [a, x] ∈ Ap for each a ∈A
and each p ∈ P − D. Arguing by contradiction, suppose that b ∈ A, p ∈ P − D
and [b, x] /∈ Ap. If xbpn ∈ 〈x〉, then [bpn, x] = [b, x]pn ∈ 〈x〉, 1 = [[b, x]pn, x] =
[b, x, x]pn and since A is torsion-free, it follows that [b, x, x] = 1. Hence 1 = [b, xd] =
[b, x]d , yielding [b, x] = 1, a contradiction. Thus 〈x〉  〈x, xbpn 〉. Furthermore, if
xb
pn−i ∈ 〈x, xbpn , xbpn−1 , . . . , xbpn−i+1 〉 for 1  i  n, then xbpn−i ∈ 〈x〉Apn−i+1 , yielding
[b, x]pn−i = xjf for some integer j and some f ∈Apn−i+1 . Thus
[b, x, x]pn−i = [[b, x]pn−i , x]= [xjf, x]= [f,x] ∈Apn−i+1 .
Hence there exists c ∈A such that [b, x, x]pn−i = cpn−i+1 or ([b, x, x]c−p)pn−i = 1, which
implies that [b, x, x] = cp ∈ Ap, since A is torsion-free. Thus 1 = [b, xd] = [b, x]ds for
some s ∈Ap, whence [b, x]d ∈Ap. But, clearly, also [b, x]p ∈Ap and since (d,p)= 1, it
follows that [b, x] ∈Ap, a contradiction.
We may conclude, therefore, that
〈x〉 〈x, xbpn 〉 〈x, xbpn , xbpn−1 〉 · · · 〈x, xbpn , xbpn−1 , . . . , xb〉
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Lemma 8. Let G be a finitely generated FL-group and let N G. If G/N is polycyclic,
then N is finitely generated.
Proof. Being a polycyclic group, G/N is finitely presented [4, p. 33, Corollary]. Since
G is finitely generated, it follows that N is a finitely generated G-group, i.e., N =
〈a1〉G · · · 〈an〉G [4, p. 32, Lemma 1.43]. But G is an FL-group, so each 〈ai〉G is finitely
generated and the result follows.
We continue now with the proof of Theorem 6. Since lG(x) clG(x) for all x ∈G, any
FC-group is an FL-group. So it suffices to prove that a locally graded FL-group G is an
FC-group. Let G be a locally graded FL-group and let a ∈G. We shall use induction on
l(a)= lG(a) in order to prove that a ∈ FC(G), the FC-center of G. Theorem 6 will then
follow.
If l(a)= 1, then 〈a〉G and ag is a generator of 〈a〉 for each g ∈G. Hence a ∈ FC(G)
in this case.
Now assume l(a) > 1. Since G is an FL-group, 〈a〉G is finitely generated. If 〈a〉G is
abelian, then its torsion group tor〈a〉G is finite, and, by Lemma 7,
〈a〉G
tor〈a〉G  Z
(
G
tor〈a〉G
)
.
Hence a(tor〈a〉G) ∈ Z( Gtor〈a〉G ) and {[a,g] | g ∈G} ⊆ tor〈a〉G. Thus {[a,g] | g ∈G} is a
finite set, implying that a ∈ FC(G), as claimed.
So we may assume that 〈a〉G is non-abelian. Denote by R the FC-residual of 〈a〉G, i.e.,
R =⋂N , where the intersection is over all N  〈a〉G for which 〈a〉G/N is an FC-group.
If 〈a〉G/R is abelian, then it is polycyclic and R is finitely generated by Lemma 8. Since
〈a〉G is non-abelian and G is locally graded, it follows that R = 1 and there exists a proper
normal subgroupM of R of finite index. As R is finitely generated, we may assume that M
is characteristic in R and hence normal in 〈a〉G. Now 〈a〉G/M is finite-by-abelian, which
implies that it is central-by-finite and hence an FC-group. But M < R, contradicting the
definition of R.
Thus 〈a〉G/R is non-abelian and there exists N  〈a〉G with 〈a〉G/N a non-abelian FC-
group. Hence H/N := Z(〈a〉G/N)〈aN〉  〈a〉G/N and 〈a〉G/N , being a finitely gener-
ated FC-group, is central-by-finite by a theorem of B.H. Neumann [7, p. 4, Corollary 1.5].
Thus |〈a〉G :H | is finite. Moreover, lH (a) < lG(a), and by induction a ∈ FC(H). It follows
that |H :CH(a)|<∞, whence |〈a〉G :CH(a)|<∞ and consequently |〈a〉G :C〈a〉G(a)|<
∞. Hence a ∈ FC(〈a〉G) char 〈a〉G G, which implies a ∈ FC(〈a〉G)G. Thus 〈a〉G 
FC(〈a〉G) and 〈a〉G is an FC-group. Since 〈a〉G is finitely generated, it is central-by-
finite and by the Lemma of Schur [5, p. 287, 10.1.4] (〈a〉G)′ is finite. Thus tor〈a〉G is
a finite subgroup of 〈a〉G containing (〈a〉G)′. Now 〈a〉G/tor〈a〉G is a finitely generated
abelian torsion-free normal subgroup of G/tor〈a〉G and, by Lemma 7, 〈a〉G/tor〈a〉G 
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nite set. It follows that a ∈ FC(G), as claimed. ✷
4. Groups with all elements of boundedly finite length
Groups with finite conjugacy classes of bounded size will be called BFC-groups. If G
is any BFC-group, then |G′| is finite and since lG(x) clG(x) |G′| for all x ∈G, G is a
BFL-group. However, not every BFL-group is even an FC-group. For example, the Tarski
Monsters M satisfy lM(x)= 2 and clM(x)=∞ for all x ∈M − {1}.
The main aim of this section is to prove that for locally graded groups, the classes of
BFL-groups and BFC-groups are identical.
Theorem 9. Let G be a locally graded group. Then G is a BFL group if and only if G is a
BFC-group.
As shown above, G being a BFC-group implies G being a BFL-group. So it remains to
prove that under our conditions, the converse also holds.
Let G be a locally graded BFL-group. Then G ∈ Jn for some n ∈ N and G is an
FC-group by Theorem 6. Under these assumptions, we shall prove now two lemmas.
Lemma 10. Let a, x1, x2, . . . , xn−1 ∈ G and suppose that {a, ax1, . . . , axn−1} is an
independent sequence for a. Let M = 〈a, x1, . . . xn−1〉G and suppose that N G satisfies
M ∩N = 1. Then MN/M is Dedekind.
Proof. Clearly N  CG(M). Let g ∈ N and consider b = ag. We claim that bx1 =
b[b, x1] /∈ 〈b〉. Otherwise, [b, x1] = [a, x1] ∈ 〈b〉 and [a, x1] = (ag)α = aαgα for some
integer α. Since [a, x1] ∈ M and M ∩ N = 1, it follows that gα = 1 and [a, x1] ∈ 〈a〉,
contradicting ax1 /∈ 〈a〉.
Similarly, bxi /∈ 〈b, bx1, . . . , bxi−1〉 = 〈b, [b, x1], . . . , [b, xi−1]〉 for i = 2, . . . , n − 1.
Otherwise, [b, xi] = [a, xi] ∈ 〈ag, [a, x1], . . . , [a, xi−1]〉 and [a, xi] = gαc with c ∈
〈a, [a, x1], . . . , [a, xi−1]〉. Since 〈g〉 ∩M = 1, it follows that gα = 1 and axi ∈ 〈a, ax1, . . . ,
axi−1〉, a contradiction.
Hence {b, bx1, . . . , bxn−1} is an independent sequence for b and since G ∈Jn, it follows
that 〈b〉G = 〈b, bx1, . . . , bxn−1〉 and
〈b〉GM
M
= 〈b, b
x1, . . . , bxn−1〉M
M
= 〈b, [a, x1], . . . , [a, xn−1]〉M
M
= 〈b〉M
M
.
Thus
〈g〉M
M
= 〈b〉M
M
 G
M
and MN/M is a Dedekind group, as claimed. ✷
186 M. Herzog et al. / Journal of Algebra 263 (2003) 177–187Lemma 11. If G is a locally nilpotent periodic group, then G is a BFC-group.
Proof. Let a, x1, x2, . . . , xn−1 ∈G and suppose that {a, ax1, . . . , axn−1} is an independent
sequence for a. Then M = 〈a, x1, . . . , xn−1〉G is finite, since G is an FC-group. Let
G=×i∈I Pi , where Pi are Sylow pi -subgroups of G. Then Pj ∩M = 1 for finitely many
j ’s, say {j1, . . . , js}. If j /∈ {j1, . . . , js}, then Pj ∩M = 1 and Pj  (PjM)/M is Dedekind
by Lemma 10. Hence P ′j = 1 if pj = 2 and |P ′j | 2 if pj = 2. Moreover, by Theorem 5,
|P ′i | is finite for any i ∈ I .
As G′  ×i∈I P ′i , it follows that |G′| is finite, whence G is a BFC-group, as
claimed. ✷
We are finally ready to complete the proof of Theorem 9.
Proof of Theorem 9. We need to prove that if G is a locally graded BFL-group, then
it is a BFC-group. So suppose that G ∈ Jn − Jn−1. Since G is an FC-group, it follows
that G G
A
× G
B
, where G/A is abelian and G/B is a periodic FC-group. Hence we may
assume that G is periodic.
First assume that G is residually finite. There exist a, x1, x2, . . . , xn−1 ∈ G such that
{a, ax1, . . . , axn−1} is an independent sequence. Let M = 〈a, x1, x2, . . . , xn−1〉G. Then M
is finite and there exists a normal subgroup N of finite index in G such that N ∩M = 1.
By Lemma 10, NM/M is Dedekind, whence (NM)′ is finite. Moreover, also G/(MN)
is finite, say G/(NM)= {t1NM, . . . , tsNM}. Since F = 〈t1, . . . , ts〉G is finite, it follows
that G′  (NM)′F is finite, as required.
Let now G be any periodic FC-group. Then G/Z(G) is residually finite, which implies,
by the previous argument, that G′Z(G)/Z(G) is finite. Let
C
Z(G)
= C G
Z(G)
(
G′Z(G)
Z(G)
)
.
Then |G :C| is finite and C is nilpotent. By Lemma 11, C′ is finite, and arguing as in the
first part of this proof, we conclude that G′ is finite, as required. ✷
Using Theorem 9, we shall prove
Corollary 12. If G ∈ Jn is locally solvable, then G is solvable and
dl(G) f (n),
where f (n) is a function depending only on n.
Proof. By Theorem 9, G is a BFC-group, which implies that |G′| is finite. By our
assumptions G′ is solvable. Thus G is solvable and by Corollary 4 its derived length is
bounded by a function depending only on n. ✷
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